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Introduction

The structure from motion - recovering scene geometry and camera motion from a sequence of images
- is an important task and has wide applicability in many tasks, such as navigation and robot manipulation. Tomasi and Kanade [1] first developed a factorization method to recover shape and motion
under an orthographic projection model, and obtained robust and accurate results. Poelman and
Kanade [2] have extended the factorization method to paraperspective projection. Triggs [3] further
extended the factorization method to fully perspective projection. This method recovers a consistent
set of projective depths (projective scale factors) for the image points.
In this project, we implemented these three factorization methods, and comparisons are shown.
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Algorithm: The Orthographic Factorization

The orthographic factorization method [1] was implemented.
Given an image stream, suppose that we have tracked P feature points over F frames. We then
trajectories of image coordinates {(uf p , vf p )|f = 1, ..., F, p = 1, ..., P }. We write the horizontal feature
coordinates uf p into an F × P matrix U. Similarly, an F × P matrix V is built from the vertical
coordinates vf p .
Define the measurement matrix of size 2F × P
 
U
W=
.
V
Compute the 2F × 1 translation vector t whose each entry is the mean of the entries in the same row
of the measurement matrix W. Define the registered measument matrix
W̃ = W − t[1..1]
The W̃ can be expressed in a matrix form:
W̃ = RS,
where the matrix of size 2F × 3
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represents the camera rotation, and the matrix of size 3 × P
S = [s1 ...sP ]
is the shape matrix. The rows of R represent the orientations of the horizontal and vertical camera
reference axes throughout the stream, while the colums of S are the coordinates of the P feature
points with respect to their centroid. The goal of the factorization method is to compute the matrices
R and S.

Step 1
Compute the singular-value decomposition
W̃ = O1 ΣO2 .

Step 2
Define O1 0 which is the first three columns of O1 , Σ0 which is the first 3 × 3 submatrix of Σ, and
O2 0 which is the first three rows of O2 . Define R̂ = O1 0 (Σ0 )1/2 and Ŝ = (Σ0 )1/2 O2 0 .

Step 3 - Metric Constraints
Impose the metric constraints,
îTf QQT îf = 1,

ĵTf QQT ĵf = 1,

îTf QQT ĵf = 0

where Q is a 3 × 3 matrix, and îTf , ĵTf are elements of R̂. To solve Q, we can
1. use Newton’s method, or
2. define L = QQT and solve the linear system of equations for L and use Cholesky decomposition
to get Q.
Step 3.1 - Solving the linear system
We used the 2nd way. Morita and Kanade[6] explains

I1 I2
L =  I2 I4
I3 I5

the steps to compute Q. By denoting

I3
I5  ,
I6

the quadratic system can be rewritten as
GI = c,
where the 3F × 6 matrix G, the 6 × 1 vector I, and the 3F × 1 vector
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where c has 2F ones and F zeros, and


a1 b1
a1 b2 + a2 b1
a1 b3 + a3 b1
a2 b2
a2 b3 + a3 b2
a3 b3




g(a, b) = 








.




(3)

The simplest solution of the system is given by the pseudo inverse method, such that
I = G∗ c.
The vector I determines the symmetric matrix L. The Cholesky decomposition or eigen decomposition
or square root of a matrix of L gives Q. as long as the L is positive definite.
Step 3.2 - Enforcing positive definiteness
We might obtain a matrix that is not positive definite when we estimeated L using the linear method.
Higham [7] introduced a method computing a ’nearest’ symmetric positive semidefinite matrix from
a matrix. The lecture note [8] gives the easy notation. First, we compute the symmetrix matrix as
L=

L + LT
.
2

In our case, the matrix L is already a symmetric matrix. Now we eigen decompose L:
L = UΣUT
and form the matrix Σ+ by setting any negative eigenvalues to zero. The positive semidefinite matrix
that is closed to L is then given by
Lpsd = UΣ+ UT .
However, we want a positive definite matrix. In this case, we set any nagative eigenvalues to  > 0.
The reason is apparent from the definition of the positive definite matrix. Furthermore, we want the
matrix Q, it can be simply obtained as UΣ+ 1/2 without computing L. As a result,
1. Eigen decompose L = UΣUT
2. Form a matrix Σ+ by setting any negative values to  > 0,
3. Compute Q = UΣ+ 1/2

Step 4
Compute the rotation matrix R and the shape matrix S as
R = R̂Q,

S = Q−1 Ŝ.

Step 5
Align the first camera reference system with world reference system by forming the products
R = RR0 ,

S = R0 T S,

(4)
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where the orthonomal matrix R0 = [i0 j0 k0 ] rotates the first camera reference system R1 = [i1 j1 k1 ]T
into the indentity matrix I. Now let be R00 = [i1 j1 k1 ]. Then,


||i1 ||
0
0
||j1 ||
0 .
R1 R00 =  0
0
0
||k1 ||
because axis are perpendicular each other. From this,


i1 j1 k1
.
R0 =
||i1 || ||j1 || ||k1 ||
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Algorithm: The Paraperspective Factorization

The paraperspective factorization method [2] was implemented. At the implementation phase, the
difference with the orthographic case is only the metric constraints.
Let M be the estimated motion matrix
 T 
m1
 .. 
 . 
 T 
 m 
F 
M=
(5)
 nT1 


 . 
 .. 
nTF
Let T be the translation vector
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(6)

The metric constraints are as followings:
|mf |2
1+x2f

|n |2

f
− 1+y
2
 f2

mf · nf − xf yf 21

|mf |
1+x2f

=0
2

+

|nf |
1+yf2

|m1 |



=0

(7)

=1

We impose
|mf |2 = m̂Tf QQT m̂f ,

|nf |2 = n̂Tf QQT n̂f ,

mf · nf = m̂Tf QQT n̂f

where Q is a 3 × 3 matrix, and m̂f , n̂f are elements of the estimated motion matrix M̂. The matrix
Q is solvable by the same way with the orthographic case.
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Algorithm: The Projective Factorization

The projective factorization method [3] was implemented. The perspective projection equation models
the projection of a 3D point Xj = [xj , yj , zj , 1]T on an image as
λij xij = Pi Xj
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where xij = [uij , vij , 1]T are the image coordinates of point j in the ith view, λij is the projective
depth on the point and textbf Pi is a 3 × 4 projection matrix. The complete set of image projections
can be gathered into a single (3m × n) rescaled measurement matrix equation:


 
P1
λ11 x11 · · · λ1n x1n

  .. 
..
..
(8)
W=
 =  .  (X1 · · · Xn )
.
.
λm1 xm1

· · · λmn xmn

Pm

where Pi is the 3 × 4 projection matrix.

Step 1
Normalize the image coordinates, by applying transformations Ti to each image as:
1. Translating so that their centroid is at the origin
2. Scaling so that the average distance from the origin is
The matrix Ti is constructed as



si
Ti =  0
0

0
si
0

√

2.


−si cix
−si ciy 
1

(9)

where cix and ciy are the mean in the horizontal and vertical coordinates of image i respectively and
si is the scaling factor which is determined as
√
2
si =
di
where di is the mean distance from the centerized origin.

Step 2 - Fundamental Matrix
Estimate the fundamental matrices Fij and epipoles eij with the 8-point method [4][5]. The fundamental matrix is defined by the equation
x0T Fx = 0
for any pair of matching points x0 and x in two images. The algorithm to estimate the fundamental
matrix is as followings:
1. Normalize the image coordinates by a combined translation and scale transformation. (This is
the above step 1)
2. Solve a set of linear equations derived from the Longuet-Higgins equation. Solution is either by
singular value decomposition or an eigensystem method.
3. The constraint that the fundamental matrix should be of rank two is enforced. This is done by
by computing the matrix closest to the fundamental matrix in Frobenius norm.
4. The fundamental matrix corresponding to the original matched point coordinates is recovered
by applying an ”un-normalising” transform.
5. Perform numerical analysis of the estimated fundamental matrix
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Step 3
Determine the scale factors λip
λip =

(eij ∧ xip ) · (Fij xip )
λjp
||eij ∧ xip ||2

by recursively chaining together to give estimates for the complete set of depths for point p, starting
from some arbitrary initial value such as λ1p = 1.

Step 4
Build the rescaled measurement matrix W with {λij } and {xij }.

Step 5
Balance W by the following iterative scheme:
P3m
1. Rescale each column l so that r=1 (wrl )2 = 1.
2. Rescale each triplet of rows (3k − 2, 3k − 1, 3k) so that

Pn P3k
l=1

i=3k−2

2
wil
= 1.

3. If the entries of W changed significantly, repeat 1 and 2.

Step 6
Compute the SVD of the balanced matrix W

Step 7
From the SVD, recover projective motion and shape. Note that the projective factorization has no
metric constraints.

Step 8
Adapt projective motion, to account for the normalization transformations Ti of step 1. Pi is recovered as
Pi = T−1
i P̂i .

5
5.1

Experiments and Results
Datasets

The dataset of project requirements are the castle image sequences [11] and the medusa image sequences [12]. KLT Tracker library [9] was used to obtain feature tracking points. However, the KLT
software did not track feature points well for castle image sequences. The reason is probably why
the number of frames per second in the castle sequences are pretty low (image sequences look not
continuous well.) Because the feature tracking part is not essential with this project, we used the
hotel image sequences [10] which were taken in laboratory carefully, instead of the castle sequences.
Furthermore, a synthetic data was used in order to make sure behaviors of programs.
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Synthetic Data

The synthetic data was created as follows. The camera motion goes around the randomly generated 80
points in half an elliptical path. The size of 80 points range from -2 to -2 in their x and y coordinates.
The lengths of the main axis of the ellipse are 16 and 12. A Gaussian noise source having variance
of 0.5 was added to the data in the image frame. A total of 162 frames were generated on this
configuration.
This data was used for testing the orthographic factorization and the paraperspective factorization.
The camera motion was recovered and plotted where yaw is the angle toward an axe k1 = (0, 0, 1),
roll is the angle toward i1 = (1, 0, 0), and pitch is the angle toward j1 = (0, 1, 0) given by
 
 
 
if 3
if 3
if 2
, roll = atan
, pitch = atan
.
yaw = atan
if 1
if 2
if 1
Note that these angles handle only 180 degrees.

The paraperspective factorization is very sensitive.
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Hotel Sequences

The number of frames of the hotel sequences is 101 and 430 feature points were tracked and finally
382 feature points were used.

Orthographic

(a) top view

(b) upper view

Paraperspective
The metric constraints (7) turned out a matrix to be non-positive definite, thus we applied an algorithm to create a positive definite matrix which approximates the original non-positive definite matrix
[7][8]. Because of this approximation, the result of the paraperspective factorization resulted worse
than the orthographic factorization.

(a) top view (resulted in no thickness)

(b) side view
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Projective

(a) top view

5.4

(b) upper view

Medusa Sequences

For the medusa sequences, the middle sequences of the medusa sequences which her frontal faces are
shown were cropped. The number of frames is 70 and 260 feature tracking points were used.

Orthographic

(a) side view

(b) upper view
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Parapespective
As the case for hotel sequences, the metric constraints (7) turned out a matrix to be non-positive
definite again.

(a) top view

(b) side view

(a) top view

(b) side view

Projective
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Observation

Three factorization methods, the orthographic factorization [1], the paraperspective factorization [2],
and the projective factorization [3], were implemented.
The orthographic factorization recovered the 3D motions and structures satisfactory, however, the
paraperspective factorization which is more dependent on good data could not recover the 3D motions
and structures for given real scene image sequences. If desired data is obtained, the paraperspective
assumption should be more robust for image sequences in which the object translates significantly
toward or away from the camera. We solved the metric transformation problem by solving linear
systems, and it impoverished the estimation of motion and structure. This problem might be resolved
by using another method such as Newton method to solve the metric transformation instead.
The projective factorization method also resulted poorer in terms of estimation of structures. The
projective factorization requires more estimation steps including the estimation of the fundamental
matrix, and this could cause the poor results.
In conclusion, the simplest orthographic factorization was most robust in our experiments. However, this does not mean that the orthographic factorization is always best because the paraspective
and projective facorization enables to estimate the camera motion in the direction of optical axis, too.
The program source codes are available at http://note.sonots.com/?SciSoftware%2FFactorization.
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